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Abstract In the scenario of underwater acoustic sparse channel estimation with training sequences, grid points in the

measuring matrix are caused by discretizing procedure. Estimating accuracy might not be guaranteed with state-of-

the-art methods when multipath delays don’t exactly locate on the grid points. In this paper, we construct a gridless

measuring matrix for sparse channel estimation which contains a off-grid adjusting factor and further using Relevance

Vector Machine algorithm to estimate this factor to estimate the offset. This paper first describes the approach and then

testifies its estimating result in numerical experiments on two different underwater channels. The results demonstrate

that this method outperforms conventional ones in estimating error and bit error rate and this is even more obvious

when the grid gets coarser.
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�����
(Least Square, LS) [2−4]

C L�����I����
(Min-

imum Mean Square Error, MMSE)
��L������

(Max-

imum Likelihood, ML) ����� 3���� ÷��� ����!#"#$#% ��&#'�I�J#���#(�**)+�î÷������#,#- G�î÷¼è �#.#/#021 ��3 �#4 ßîà����îìîí����#5#67989: �<;9= ä9(�J���>#?# 9@#A9B#Cîìáû#D#E-,ä�F�G�H�(�J
I�J
MUSIC

�
ESPRIT [5] 4 ���Ûß�����îìîí����

[6], K >#?# �#�#L#M I�J 4 �#����
[7]
��3�.9N9O9P9Q������9Ráï9E9S9T9U9V9Wá÷�X

åÛä�?� 7�8�: � &�'�(�JÛäÛè � ÷2I�J `1 Y Ù LZ9[ ä�I�J
[8−10],

39�
`0 Y Ù ä9\9]�����I�J [11],^9_9(�J-, ä !9"9`9a �9b9c !9"9`9a

[6,12−15],
�

d�e�f�g ����?�h
(Sparse Bayesian Learning, SBL)� �9i� *9� (Relevance Vector Machine, RVM)

(
J

[16−17]
�j&�'�(�J�k�l�m ��n ßóàóìóíóä����óñó÷o >�X 1 äóç�p���,�-ó÷ ����q�r�D�Eóß������óìóí���áä9596á÷�sáéit/K9u#v �9w#x9y ä#z9�#{�.á÷��2���������I�J �9� ä9|�*9}9B9~9�9� n#L9�i	

� ÷ �óåóæ L�� ä�����~�����. 	���� 2�� 3�X����� ä����óéó÷����óåóæ L���0�������� K 	�� 2ó÷���9�9���á÷��9��I�J9� 0 ����9Vîåáæ L9� . 	<�
��� ä���������4�. 	�� H�� G �Ûä������ó÷ ����,- � ������� �����5�6�V�!ó÷ 6���.óõ�>óä����óìóí������
��5���2���� n�� �ó÷���� n�	���� ���� �¡�¢ Ù ÷£�¤ �
	�� (gridless)

ä����ÛìÛí�����|�*�}�BÛ÷��
W�¥�¦�§ e�f�g õ�E ��� RVM

����¢ Ù ���ó÷©¨�$åáæ L9� . 	<�9� �9�îä9�#�î÷� �3#¨�$9X#�#,9ªä����áìáí����9«9¬���6#��.9�#� n E#S9#®#W9¯���9°9±��9²�� 0#³ '��áäáßáà����áìáí9���9�9�
n�´�µ�¶�· ÷�¸� óìóí�¹�º��óèóä�����«�¬�CùìÛíóåæ L���� � � ªóñ�Cùìóí����óä���I�����Cùìóí����äáç9p�� d �9»9p � 5

��I�A 49¼9½ 69���9U�I�Jä����áç9¬�� ´9µ9¶9· «#¬ ·9¾#n 6#���9U#Vîä�IJ�.áßáà����áìáí����9596-,<��4�.9� 	<� H9�9����Ûä Z�¿ �
1 ÀÂÁÂÃÂÄÂÅÇÆÇÈ
1.1 É�Ê�Ë�Ì�Í�Î�Ï�Ð�Ñ�Ë�Ò�Ó�Ô7 n . L9Õ �áìáí9�9�9Ö#×á÷�6#Ö#× #Ø#Ù ñ
L�0 �ÛäÛìÛí��Ú¢�>���Û 14

CÚ��Û
18
����Û

19,
;

=9Ü9Ý �9Þ �9��5�6áä�	áì#���á÷�ß��#àáä#á#â %ã���ã�	ÛìÛ÷� �ä�I�å�7
BPSK,

â M 7 13 kHz, Ù§�H�æ�p�7
1000 bps,

(�ç�7
2 kHz, è 4�é�ê�ë�(óìûÛ÷/�ÛìÛû M p�7 13 kHz

äÛìÛí����������/. Ù §

ì9í9î9�9ï9ð9ñ9C 4 �#�áìîí�������ï9ð#ñ#C�5�(ìÛû � x∈R
M 4�ò�ó ÷ � !�"Ûä�ï�ð�ñ�CÛìÛû�7�ô
s(t) = x(t) exp[j(2πft + θ)], (1)

4:,
f
7�â % M p�õ θ

7�ö 8 ��� õÚ÷�ø�ù θ=0, úû�ü�ý�¹�º�þ�ÿ��
h ò�ó�� ô

h(t) =

N∑

k=1

akδ(t − τk), (2)

���
N ��������	�
�� õ ak  τk � ÿ���û�ü����

��	 ý������ 
 ���� õ ú�������
���������� ô
y(t) =

N∑

k=1

akx(t− τk) exp[j2π(fdt− fτk)] + w(t), (3)

����õ
fd ������ �!�" õ$# � ��%�&�'�(����� �)ÿ�*�+�ý !�" õ ú������ ý�,�*�û�- � ô

y(t) =
N∑

k=1

akx(t − τk) + w(t), (4)

w(t) ò9ó ý/.9û/0/1/2/3/45�<ý/6/7/8/99õ$:/;/<= ��>�?�@ 8�9�õ$A�B�C�D ��� ô
y(m) =

N−1∑

n=0

h(n)x(m − n) + w(m),

(m = 0, 1, · · ·, M − 1)

(5)

E�F�G�H �
X ò�ó�I�J ��ý�û�-�K�L�õM:�;�N�O�PQSRSTSUSVW��ýSXSYSKSLS+SZS�S[\ASC

(5) �S� KSL] C�õ$^ � ô
y = Xh + w, (6)

y = [y(0), y(1), · · ·, y(M − 1)]T, (7)

h = [h(0), h(1), · · ·, h(N − 1)]T, (8)

w = [w(0), w(1), · · ·, w(M − 1)]T, (9)

X =




x(0) x(−1) · · · x(−N + 1)

x(1) x(0) · · · x(−N + 2)

· · · · · · · · · · · ·

x(M − 1) x(M − 2) · · · x(M − N)




,

(10)

X
.�_a`�b�ñ�c�d � ý Toeplitz

K�L�õ$e�f�g�h�f
c/i/j9ý/k/l9ý �/m/mon �qpsr mot [u_v�#û9ü#ýR/T/79õ

h
�<ý �/
/�/w/�/x õ$y x l/z ò/&/{ �

� ý/|/}/~/[$�/�/:/�9û#ü/�o.o�/�o:/� �o�/� ��S:S�Sy x l�ýS�S�S[��S�S����y x l�� 
�� K, �� :���û�ü�� � K-
R�T�ý�h�û�ü�ý�R�T�� � K

[
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1.2 ����������	�
������������ ý�������õ GSH �S�S^ � ý �S	 �S������ X�Y�K�L�� w�� ý par ��õ��a�/A���} � 250 msý�û�ü�� w�� 50 � õ � � ������ý�û�ü ��� A������ �! �

5 ms
ý�" 
�# õ%$�:�&�'�(�) &�* : ��+,S[ P �S�S� �S��-S}�.�/�0 > � õ B�1�����ý�2�3��4�5 ��6�7 õ98 � GSH 'S( A ��� -�:�;S����õ Z��< p�r i�=?>�Y�@ (Gridless Relevance Vector Ma-

chine, GL-RVM) A gSRST�û�üS�S��õCB�D 20—
B�D

24 � < par ý�E�F�G�H�2�3 A g 7�I�J � � ÿ����L�c�û�-�K + ��ý�L�M�2N>a����[
< p�r ýSi�=?>�Y�@S��3 ��O�P�Q�R B � C (6)ý ] C A g 7TSTA õVU/�XWo7TYXZ �X[ +9ýoXoY/KL A gXK + õ$^ �X\ 6X-X]#ýoXoYoKoL OXP [ � �C

(6),
< =

X = [x1, · · ·, xN ],
< = X/Y/K/L psr m

t � Tg, ^S�S	 �S��_ ��` � kTg

K�õ �S� ^ � xk =

[x(−kTg), x(−k +1)Tg, · · ·, x(0), · · ·, x(M − k)Tg]
T,
_

:/f �/�/	Ta/�/�Tb */+9ýTcTD � κk = hkxk,
�5�

hk � :�f ����	 ý�|�}�d�e�[f$�'�g�B ��	 ��� tk

&�hS� 5 _ ��` � kTg

K�õ ^ . *�i � f���ý�j�k�õl
βk = tk−kTg, � U/�TW/7TYTZ � # A gTmTn9õ l

κk =hk(xk+bkβk), ú X�Y�K�L�ý�e�f�c \�o�� ô
φk = xk + bkβk, k ∈ (1, 2, · · ·, N) (11)

����õ
bk =x′(k)

[
A�^ ^ ��\�o�� F ý�R�T�û�ü�����X�Y�K�L�ô

Φ(β) = X + Bdiag(β), (12)

��p�\�o F ý�û�ü���� O�P ô
y = Φ(β)h + w, (13)

�W��ý
X � C (10)

�rq�s�ý�t p�r ýSXSYSKSL�õ ^
B
_

X
/�u w ^ ��v l�w

B=




x′(0) x′(−1) · · · x′(−N + 1)

x′(1) x′(0) · · · x′(−N + 2)

· · · · · · · · · · · ·

x′(M − 1) x′(M − 2) · · · x′(M − N)




,

(14)

β =[β1, · · ·, βN ]T
. par�x�y "�z 
�v :���.�{�B QR ý�< p�r RST�û�üS�S� O�P [ O�P�Q�R��SF v � �

	 ��� ý������ &T| .�R�T�û�üTz 
 h
ý���� vV^}�~�� par�x�y "�z 
 β

ý���� vV^ 1���ý�t par�S� _�_ . β=0 � ý����S[ ��� f��SA���]�q�s�U�
RVM,

fT�T�T� ? 2T3 � :/k/�/Y9ý/�/�T2T3/[
�/�T�T� ý/. v :T� OTP *o+9ýX�/�o.oZ/^o�o� \

6�-�]�; v � RST�ûS-Sy x�`�� ý���� \ 6���: v �
p�r mSt 0S� v U�����0�� � v :�����3�ý�����A����� [

2 ���������¡ ¡¢
£�¤ � C

(6)
��ý�8�9

w ��>�?�@ 8�9�ý ��¥� v ^ � w

p(w|α0) =

N∏

k=1

N (w(t)|0, α−1
0 I), (15)

���
α0 =σ−2

z�¦�8�9�z 
�v σ2
.�8�9�2�k v E�F^ � w

p(y|h, α0, β) =
T∏

t=0

N (y(t)|Φ(β)h(t), α−1
0 I). (16)

{TB5�s< =
α0 § H v < = α0

ýT¨T¤T© � Gamma

w�ª�v :�.�f���« >�?�w�ª�¬� ý w�ª�v
p(α0; c, d) = Γ (α0|c, d), (17)

Γ (α0|c, d) = [Γ (c)]−1dcαc−1
0 exp{−dα0}, (18)

�W�
Γ (·) � Gamma ®S
�v c  d

. = � ý�¨�z 
 [
� ��û�ü�¯�°�þ�ÿ v²± HSO�³�´SRST�µ�¶ v � :��µ�¶�6 ��· � v � A�O�ý�¤�© w�� k�¸���d w

p(h; ρ) =

∫
p(h|α)p(α; ρ)dα, (19)

���
ρ>0, α∈R

N ,
} w

p(h|α) =

T∏

t=0

N (h(t)|0, Λ), (20)

p(α; ρ) =

N∏

n=1

Γ (αn|1, ρ), (21)

�W�
Λ=diag(α),

:��S^ � ý h ¹�º Laplace w�ª�v:�.�f���»�¼ 7 R�T�7�½�ý�¾���¿�} w
p(h|ρ) = ρ exp(−ρ ‖h‖1). (22)

� � β,
< = O�³�´�f�À w�ª w

β ∼ U

([
−

1

2
r,

1

2
r

]N
)

. (23)

Á F A � BT¸/�T�T� ? OTP ýo�/�XÂ wTÃ R v ^ �
Ã�º ¾���¿�} ®�
�� w
p(h, y, α0, α, β)=p(y|h, α0, β)p(h|α)p(α)p(α0)p(β),

(24)
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�q� � C����o�olq_vC (16) 	 C (17) 	 C (20) 	C
(21) 	 C (23) a ��[� f�
�. A g�ý�. � h

ý F © A g >�?�w�� :�������ý�z 
 ~�[u_a� p(h, α0, α, β|Y )
ý�-�:�/

�N��0��� v z���B�D 25
U���� � 3�4�ý�2�3 A gF ©�����[

_aC
(24)

H v p(h, y, α0, α, β)
. >�?�w�ª�v$�� _v�

p(h|y, α0, α, β) ∝ p(h, y, α0, α, β) � . >o?
w�ª�v < = ���u~  2�k � µ  Σ, � ����@��uY
u∼N (µ, Σ)

+�� v O�ý�¾���¿�} ®�
�� w
N (u|µ, Σ) =

1

πN |Σ|
exp{−(u− µ)HΣ(u − µ)}.

(25)^ � w
µ = α0ΣΦHY , (26)

Σ = (α0Φ
HΦ + Λ−1)−1, (27)

����ý
µ
��.�.�����ý�û�ü�¯�°�þ�ÿ

h
[

� BokoCq� i � 3
�Xz 
 α0, α  β � .o�� v��o� MAP

� ú � � A go�o� v QXR ���X®o

L = log p(α0, α, β|y),

ù/O Á � v ^ � ýTz 
 ~/�/.GSH .�/�ý�z 
 ~S[ :S;�US��/�j���ý�2�3S+�/��S[
� α0  α A g \�o ^ � w

∂L

∂αi

= 0 ⇒ αnew
i =

γi

µ2
i

, (28)

∂L

∂α0
= 0 ⇒ αnew

0 =
M − Σiγi

‖y − Φh‖2 , (29)

^ � � β,
A � B���������z�� o ý ����®�
 w

Lβ = arg min
β

‖y − [X + Bdiag(β)]h‖2
2. (30)

:�;�U��
EM
��3

(Expectation Maximization, �� Á �
)
��3 A g�K + [$C (30)

����ý �� �� w
|

E{‖y − [X + Bdiag(β)]h‖2
2} = E{‖y − [X + Bdiag(β)]µ‖2

2}+

Tr[X + Bdiag(β)]Σ[X + Bdiag(β)]H ≈
1

α2
0

+ Tr[X + Bdiag(β)]Σ[X + Bdiag(β)]H =

1

α2
0

+ 2Tr(BHXΣdiag(β)) + Tr(diag(β)Σdiag(β)BHB) + C =

1

α2
0

+ 2diag(BHXΣ)β + βT (Σ � BHB)β + C.

(31)

|B�C � β
/�� v ù�O ��x�v ^ � w

βi = −
diag(BHXΣ)i

αi(BHB)ii

. (32)

U���B�C�_ ±"! /���ý α0, α � β A g�����[{�B ¥ ��ý
GL-RVM # ��� � 
�$ A g w £�¤

� z 
 α0, α  β A g�%�&�; v E�F _aO H /�� Σ

 µ, ' ��:�k���~ \�o z 
 α0, α  β
ý�~ v � �#�(Sz�) A g � < v+*S� ³�´ ��, µ�¶�[ _a� EM

�
3�5�-���z�. ®�
 ý�/ y�0 d v 8 � GL-RVM

ý �
, µ�¶�f�� ��1�2�3 (�z ��F ³�´�[

3 4656768
{��W� v A�US�SBSf�� ¥ ��ýS��3 v � RST�û�ü�S��ý�(�9 � A g�:�;�<�© v +�=�>S:��S��3�ýS�S�

) � v � } « ±?!�i � ý�@��S��3?��� OMP(
n�A�B

C�D�E
) 	 StOMP( w�F n�A�B C�D�E ) 	 BMP(

���
? B C�D�E ) 	 RVM � t par ý�R�T�û�ü��/�/��3
A g���� ) ��2�1�ýN��0�[

:�;�<X©�GoQ �
CPU Ho!o� 2.6G Hz 	�I i�

3 GB 	�J Q/�T� � Windows 7
ý/�/�T@/B �Tp

MATLAB K�L � A g v z���B�D 26,
U���W�7 y�!û�-�Q � `�b�M�c v ¦�N � w

x(n) = cos(2π(ξn2 + ηn)), n = 0, 1, · · ·, M − 1, (33)

�5�<ýTz 
 �PO � ξ = 1/6(M − 1), η = 2,
UT� ! �

fs = 6 kHz,
^ � ý/`/bPM/c5�RQ ! � � 13 kHz,

*
S � 2 kHz,

A���Q � `�b�M�c � :���û�ü O�P A g����[$8�9
w � Matlab T�U ý�6�7 >�?�@ 8�9�[£T¤PV � fT�PWP/9ý/R/T9û9ü K�LTA gP:�;P<©S[ û�ü�X��S} � 200,

y x ý �S	 �S� f ¬ t 4
� v

par m�t � 2, 4
� ��	 ��� ý ��� `�� � = � � p

r � xTv l 21.2, 50.4, 71.6  153.8,
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