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Abstract The Subharmonics and chaos in a loudspeaker shell are investigated when the axisymmetric mode is excited

resonantly by the driven force, and the internal resonance of 2:1 exists between the axisymmetric mode and the asym-

metric mode. The method of multiple scales is used to obtain the first-order approximations to the nonlinear modal

equations, then to analyze their stabilities, and furthermore to determine the bifurcation sets on the driving frequency

and force plane. The formula of the threshold voltage of the subharmonics is given in the case considered, which is lower

than the one in the case without internal resonance. Besides the presence of the 1/2 subharmonics of the asymmetric

mode, the amplitudes of the two modes undergo Hopf bifurcation to limit cycle motions, and then undergo period-

doubling bifurcations to chaos. The occurrence of the chaos is due to the strong energy interchange between the two

modes. The experimental results agree with the theoretical ones. This agreement verifies the correctness in modeling

the nonlinearity of the loudspeaker shell.
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2
� ËÔÕÔåÔæÔçÔîÔï�� ø �Ôè�4ÔåÔæÔçÔî

ï úýüÔõÔö�� 2 Z øÔí åÔæÔç úýüÔõÔöÔþÔÿ�� Õ í��� îÃï ��� Ý Â
ẍ + 2µ̂0ẋ + Ω2

0x + b̂1x
2 + b̂2z

2 = F̂a cos(Ωτ),

z̈ + 2µ̂nż + Ω2
nz + b̂5xz = 0,

(1)

� ' ð x É z Ö�[ Ý åÃæÃçÃîÃïÃÉ í åÃæÃçÃîÃïÃÕ\E] � � ÇE^ �ìÌìÍìÎE_E` õìö ωtb æE�Ea t ÉEb õö
ω c�d�e�fÃð ωtb 9�g Ý�h ÌÃÍÃÎ � Ö�iÃè ß Õj�kÔõÔö

[12], K�=�l�� ø åÔæÔçÔîÔïÔÕÔù ÷ûúýüÔõö � Ý�m�2���n ��o�p ð�q ��r�s�t Õ�uÃÁÃÂ
b̂2 = −4Ω0Λ̂0, b̂5 = −4ΩnΛ̂n, F̂a = 2Ω0F̂ . (2)

æ�0������ÃÕ þÃÿ ð 9�vÃÂ
Λ̂0 = εΛ0, Λ̂n = εΛn, F̂ = εF,

µ̂i = εµi ≈ εδΩi/2, Ω = Ω0 + εσ0,

Ω0 = 2Ωn + εσn, Ω/2 = Ωn + εσ,

x = x0 + εx1 + · · · , z = z0 + εz1 + · · · ,

τ0 = τ, τ1 = ετ, · · · ,

(3)

� ' ð ε
Ý ; ß ��dÃð σ0

Ý U�w × é ÁÃð σn

Ý �w × é ÁÃð σ = (σ0 + σn)/2
Ý

Ωn x æ ø Ω/2 Õ w
× é Á �zy|{�}�~ < # ) [3−4]:

x = a0 cos(ωt − θ1),

z = an cos(ωt/2− θ2),
(4)

� ' ð a0, an, θ1 É θ2 ��� Â
ȧ0 = F sin θ1 − µ0a0 − Λ0a

2
n sin θ,

a0θ̇1 = a0σ0 + F cos θ1 + Λ0a
2
n cos θ,

ȧn = an(−µn + Λna0 sin θ),

anθ̇2 = an(σ + Λna0 cos θ),

(5)

� ' ð��E�E�ìæ τ1 ÕE�E�ìð θ = 2θ2 − θ1
� 6 a0, an,

θ1 É θ2

Ý�� Á��Ãð 9 )�� ï�# � ����� ï�# Ý [4]:

a01 = F/(µ2
0 + σ2

0)
1/2, an1 = 0. (6)í������ ï�# Ý [4]:

a02 = Λ−1
n [µ2

n + σ2]1/2,

a2
n2,3 = (Λ0Λn)−1[Γ1 ± (F 2Λ2

n − Γ 2
2 )1/2],

(7)

� ' ð
Γ1 = σ0σ − µ0µn, Γ2 = σ0µn + σµ0. (8)

�
(6) ��� ð ��� � í åÃæÃçÃîÃï�� ü�� #Ãð 1ÃË�0

ÖÃ× Ø � � (7) ��� ð áÃâÃãÃä ÕÃåÃæÃçÃîÃï í�� �
èE� � ãìäìà cE�ìðC"EdE�E� �ìëìí åìæìçÃîìïÃðC���h y Nayfeh
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ÖE@
9E�ìð í
�
� # (7)

'��E� FìÕ í åìæìçìî
ï�# an2 Õ�A������ Ý Â

ΛnF > |Γ2|, (Γ1 > 0),

ΛnF > (Γ 2
1 + Γ 2

2 )1/2, (Γ1 < 0),
(9)

��� F�# an3 Õ�A������ Ý Â
Γ1 > 0, |Γ2| < ΛnF < (Γ 2

1 + Γ 2
2 )1/2. (10)Ý ��� Ö�@ � ï�#ÃÕ ����� ð��

c1 = a0 cos θ1, d1 = a0 sin θ1 ,

c2 = an cos θ2, d2 = an sin θ2.
(11)

0 � � s ��� (5),
)

[4]:

ċ1 + σ0d1 + µ0c1 + 2Λ0c2d2 = 0,

ḋ1 − σ0c1 + µ0d1 − Λ0(c
2
2 − d2

2) = F,

ċ2 + σd2 + µnc2 − Λn(c1d2 − d1c2) = 0,

ḋ2 − σc2 + µnd2 − Λn(c1c2 + d1d2) = 0.

(12)

� ï�#ÃÕ ����� y 0�1 ��� Õ Jacobian ���ÃÕ�_�`����� � ð � [4]:
∣∣∣∣∣∣∣∣∣∣

λ+µ0

−σ0

−Λnd2

σ0

λ+µ0

Λnc2

2Λ0d2

−2Λ0c2

λ+µn+Λnd1

2Λ0c2

2Λ0d2

σ−Λnc1

−Λnc2 −Λnd2 −σ−Λnc1 λ+µn−Λnd1

∣∣∣∣∣∣∣∣∣∣

=0,

(13)

6�0�1 ��� Õ�_�`�� λ Õ�%� �¡ Ý�� �Ãð�# ��� �
æ ��� # (6), � � (13)

' � c2 = d2 = 0, ñ��
� + a2

0 = c2
1 + d2

1,
) +

4 ¢�_�`�� [4]:

λ = −µ0 ± iσ0, − µn ± (Λ2
na2

01 − σ2)1/2. (14)
£ 6�4�2�6 [4]

Λ2
na2

01 < µ2
n + σ2 (15)
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� # �E� � æE¤E# (7)
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0�1������ ��6ÔåÔæÔçÔîÔïÔÕ ��� è���� øêí����
è����Ãð ��� # h���� Õ ��� ��# (6) ��0�1������
� ÞÃßÃà � 8 Â
ΛnF < {(µ2

0+σ2
0)[µ2

n+σ2]}1/2 ≡
(
Γ 2

1 + Γ 2
2

)1/2
. (16)

æ í
�
� # (7), � � y � (11)
) + ÕE�Eu a2

0 =

c2
1 + d2

1 É a2
n = c2

2 + d2
2, _�` ��� (13) 	 Ý Â

λ4+2(µ0+µn)λ3+(µ2
0+4µ0µn+σ2

0+4r2
n)λ2+

[2µn(µ2
0+σ2

0)+4(µ0+µn)r2
n]λ+4r2

n(r2
n−Γ1) = 0,

(17)� ' ð

r2
n = Λ0Λna2

n2,3 = Γ1 ± (F 2Λ2
n − Γ 2

2 )1/2. (18)
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6Ãü�� %� �_�`��ÃÕ� Ö )�* ��� Ý Â

r2
n − Γ1 > 0 (19)

É
2(µ0 + µn)2(2σ2

0 + σnσ0 + µ2
0 + 2µ0µn)r2

n+

µ0µn(σ2
0 + µ2

0)[σ
2
0 + (µ0 + 2µn)2] > 0.

(20)

�
(19) ��� � (18) É � (7)

' Õ íJ�J� # an2

�
� ð an3 1 ��� � Ö�@���� (20) .�0�6 σ0σn > 0

�Ãð�������� ���� 2�6 U�w ×�� ø
|

−
√

σ2
n − 8µ2

0 − 16µ0µn − σn < 4σ0 <
√

σ2
n − 8µ2

0 − 16µ0µn − σn (21)

|
�Ãð ü Â

2σ2
0 + σnσ0 + µ2

0 + 2µ0µn < 0. (22)

� � H�IÃÞÃßÃà���� ð an2

��� ð���3 r2
n

��4 ���� �Ãð���� (20) ��1 ��� � �
Γ3 =

µ0µn(µ2
0 + σ2

0)[(µ0 + 2µn)2 + σ2
0 ]

2(µ0 + µn)2(2σ2
0 + σnσ0 + µ2

0 + 2µ0µn)
, (23)

M�0�1 r2
n ��� � Õ�����9�� Ý Â

r2
n > −Γ3, (Γ3 > 0), (24)

� � � (18) ��0 � Õ í���� #�1 ��� ����F������ÞÃßÃà � 8ÃÝ Â
ΛnF >

[
(Γ1 + Γ3)

2 + Γ 2
2

]1/2

, (Γ3 > 0). (25)

y � (21) 9��Ãð * Ë�0�1 ��� Õ í���� #Ãð � w ×� ��� Â
|σn| >

√
8µ2

0 + 16µ0µn ≈ 8µn, (26)

� ' Õ � ��F � � ë���- µ0 ≈ 2µn
� � � ��� ð 2

6L� w × |σn| 1������Ãð����ÃË�0 í���� #�1 ���
0�< � 2�� ��� + ð � � (25) � � Õ���� ' ð 1�A
� ��� Õ��� �#Ãð 3ÃË�0�Q�RÃÕ í���� 0�< �

2 !#"#$PT
%�&ÔÌÔÍÔÎÔÕ�% �ÔÝ'&)( ÿ ð K ÿ+* É é Á��,

1 É�� 1, � 1
'.-0/ î�d�= y O�) Õ���1�_�` õö32E�

[14], 435E'36ìÉ3738 �� = é � ë ÇÃÈ 15 �
�ÔÌÔÍÔÎÔÏÔÐÔÑÔÒ ÓÔÕÔåÔæÔçÔîÔïÔù ÷ûúýüÔõÔö�


ÇÃÈ
2 Õ ü�9�:�<�;�)ÃÝ 2615 Hz, K�� ø c�d�e�f

ÕE_E` õìö ωtb/(2π)
Ý

2063 Hz � ��� Ø Á n = 6 Õí åÃæÃçÃîÃïÃÕ�<�	�¢ ú üÃõÃöÃÝ 1157 Hz, �ÃîÃï= ü [ � ÕP� w × é Á σn É í���� uÔÁ Λn, 9�#
$�%�& '�N�O + Õ�Q�R í��J� 0J< � �ÔîêïêÉÔåêæ
çÃîÃï�>�	ÃÕ� �! í���� u�?ÃÕ é Á�@ ø � 2, � '
ù�D 1 @ Ý ��� ÞÃß0A.BÃÙÃÚ Õ�c�d�e ÞÃßÃà F̂ �

C
1 DFEFGFHFIFJFKFLFMFNFOFPFQFRFS

T
1 DFEFGFHFIFJFKFLFMFNFOFUFVFWFXFYFRFS

UFVFRFS ZF[F\F] ^F_ `FaFbFc dFegf
3.18×109 N/m2 578 kg/m3 0.04 0.3

XFYFRFS hFi XFj hFi XFk Bl lFm hFiFnF]
8.0 Ω 0.2 mH 2.0 N/A 0.33 g

T
2 oFpFq \Fr WFsFoFpFq \Fr (n = 6) tFuFvFwFRFS

Ω0 Ωn εσn Λ̂0 Λ̂n F̂ /U (V−1)

1.27 0.561 0.146 0.0636 0.290 0.00504
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3 �������������
���

(9) � � (10) � � (16)
���

(25) �� �!�"#
σ0 − F $�% 	 3 &�'�(�)�*�+�,�-�. 	 '�(��
L1 : F = Λ−1

6 |Γ2|,

L2 : F = Λ−1
6 (Γ 2

1 + Γ 2
2 )1/2,

L3 : F = Λ−1
6

[
(Γ1 + Γ3)

2
+ Γ 2

2

]1/2

(Γ3 < 0).

(27)/
2 0�1�- 3 &�)�* 	�2�3�4�5 !76�8:9:*�;

. �< 3 =�>�?�@ � (8) A�B L1 C�D *�@ L2

�
L1E7F�G

Γ1 = 0, 2,
F�H�I

Γ1 < 0 @ � G )�* L3

	 &J C Γ3 < 0, KL& J (21), M �LNL� Γ1 < 0, OLM I >NLP
II >RQS@UTL'LVLWL1L!U�LXLYRBS'L(LZL[ (17)

P
)�* L3 \�] � 1 ^�_:`�a ��b�c�d !7O�e�Z�[ (5)

M � 1:f Hopf
:g

[13], L3 C Hopf
:g:h ! P L3

X \ 1if �iji	ikilim ( nioi. )[13], piei1if jiq
n:o:;:r:s 	 9:n:o:t:u:@7>:? I Qwvix P:y , 	
nLoL.L@z>L? II QS!z*L;L.Lv y ,L!z9L*L;L. a02

�
an2

y ,�@7>�? III Q ] ��y , 	 *�;�.��79�*�;�.
a02

�
an2, X�{�v y , 	 9�*�;�. an3, |�>�O�e C}�~ ����� >�@�:�:�:�:�:�:�:�:� 9:�:�:�:� 
:�i�:�i�:����:	:�:�:�:�:�:�

[14], � 
:�:�:�:�:� ! ���w�
�:�:� 	 �:�: :¡i¢ D:£:¤ P:
:�:�:�:�:�:��� \	L�L� rLs � rLsL! � ML8 �L�L¥L¦L§L¨ C � ¥L¦ @��� ��© 4�5 0 G / 3, ª�«�¬ ��4�5 / 2 ®�¯�°

± @³²L´LµLV P GL�L� 4L5 / 3 Q 	 I > � 1LfL- II

>L¶L!·XL{L¸L¹LvL1LfRBSº 	 }L~ ��� >�@·»LO��L¼½ 
:�:�:�:�:�:�i� ] �:¾ =�¿ �:À:Á:Â C 1/2 Ã
^:Ä:Å:Æ�¿ �:À:Á:	 9iÃ:^iÄ:ÅiÆi!7X:{if P:	 Z
[LÇLÈLÉL-L$LZL9L*L;L!ËÊLÌ � .LÇ CLÍLÎLÏ�Ð .L@� . (6)

�
(7) ©i� 	iÑiÒiÓiÔi	iÕi�iÖ tiu�:À:Á t:u�)w*:0 G / 4( ×:Ø / 2) @ / 4(a) Q P

Ù
2 ÚÜÛÜÝÜÞÜßÜàÜá I ßÜâËãÜäÜåÜæÜçÜÚÜè II ßÜâËäÜåÜéÜêë ÚÜìÜíÜäÜåÜê ë ÚÜè III ßÜâËîÜïÜÚÜß ( ðÜñÜòÜóÜß )

Ù
3 ôÜõÜÛÜÚÜÛÜÝÜÞÜßÜàÜá I ßÜâËãÜäÜåÜæÜçÜÚÜè II ßÜâËäÜåÜé
ê ë ÚÜìÜíÜäÜåÜê ë ÚÜè III ßÜâËîÜïÜÚÜß ( ðÜñÜòÜóÜß )

Ù
4 öÜ÷ÜøÜùÜú ((a), (b), (c)) ìÜûÜüÜùÜú ((d)): ôÜêÜâËäÜåÜÚÜèËýÜêÜâËíËäÜåÜÚ
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εF = 0.00903 ����� II >�!7*�;�. ~ < v y ,�.�!
e:9:*:;:. < C y ,:.i! D ���	� 	 Ãi^:ÄiÅiÆ 	j�
����� , ( � � ), ¼  ������ 9�Ã�^�Ä�Å�Æ�! Ê����j���� ~ ©���� G Ã�^�Ä�Å�Æ ��j @ / 4(b) QP

0.0101 < εF < 0.204 > I (III > ) 1:f ¾�
 .:!
O�e P�Õ���Ö ( � À�Á ) ��� ������� [�Q�8�1�f }~ f���@ / 4(c) Q��� �!�"�ª / 4(a)

/�# Ð !%$ P
εF = 0.0146 ��& Hopf

�g ��� I >�@ / 4(d) Q ÀÁ ��' ��P εσ0 = −0.186 ����� II >�!)(�*�+�9�Ã
^�Ä�Å�Æ 	 }�~ @ P εσ0 = −0.0507 & Hopf

�g �
� I >L! P I > (−0.0507 < εσ0 < −0.0108) ,.- y ,
.�@ P εσ0 = 0.0411 ��� III >�!/* ��P εσ0 = 0.108

& F �g }�~ ��*�;�.�@ À�Á�0�1���� [ # Ð @
^ / 4(d) Q�2 y ,�n�o�. 	 I >�3�4 	 a 
�23�4�5 0 G / 5 @w| 4�5 ��� ~�5�6 	 4 7 Runge-
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