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Abstract Ultrasonic guided waves are very sensitive to the material’s characteristics and the change of the cortical

thickness in long bones. Therefore, it has been a great interest of using guided waves to assess long bones. However, it’s

a challenge to acquire the group velocity and other parameters from the long bone because of the mixed multiple modes

in the received signals. In the study, the spatial time-frequency based blind source separation (TFBSS) method was

employed to separate the mixed signals and then calculate the group velocities of each single mode. The result showed

that the TFBSS method can separate the mixed signals correctly, and the experimental measured group velocities are

agreed with theory values very well. The cortical thickness could be acquired based on the group velocities, which is

quite significant to assess the properties of long bones.
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5�6 ��¤�r�sÍøÍÒ�?�2Íå ��� '�r�¥ `¦ 1
2 ��� @ L � Þ�*�§Óå ��� § � r�¥êå�
Tr
s

��� �T� ãYc [15−16], TFBSS !T" ¦�6�7Óå�¨�©Trs �+� @ L Ýªw�B TFBSS
| ø+-+X å+«+¬�H��+­ �?�2Íå�b������ | ø�?�2Íå ������	 Ý.®�5 TFBSS��� !�" 6 � a H�b������Íå ��� �K+u+v å # $ z ÝK¦ I � å+�+a+¯+°�r�s ÝK±+P²�³

X(t):

X(t) = Y (t) + n(t) = AS(t) + n(t), (1)

U z
Y (t)

P+´+§+µ+¶+·+¬+¸+¹+º+»+¼
n(t) ½ ¶+·+¬¸�¾

A ½�¿�À�Á�Â�Ã�Ä�Å�Æ ¹�Ç�È�É�Ê ²�³ ¼ S(t)

½�Ë ¤�Ì ¿�À�ÍÎ�Ï ¯�° ¿�À x1, x2

¹
Cohen Ð�Ñ�Ò�Ó�Ô [17]

½�Õ
Dx1x2

(t, f) =
∞∑

l=−∞

∞∑

m=−∞

φ(m, l)x1(t+m+l)x∗

2(t+m−l)e−j4πft,

(2)ÖØ×Ù¼
t Ú f Ó�Û�½�Ñ�Æ�Ú�Ò�Ü�Ý�Þ ¼àß�É+Ê φ(m, l) áâ�ã

Cohen Ð�Ñ�Ò�Ó�Ô ¹�ä�å�¼fæ�ç�èd× φ(m, l) =

1, m Ú l ½�é�Ó�Ý�Þ�Íâ�ê�¯�° ¿�À ²�³ X(t)
¹�ë Æ�Ñ�Ò�Ó�Ô ²�³

(STFD) ½ DXX(t, f),
Öd× Õ

[DXX(t, f)]ij = Dxixj
(t, f), i = 1, · · · , n (3)æ�ì�¬�¸�¹�í�î�ï�¼ñðfå

(1) ò�ó�Õ
DXX(t, f) = ADSS(t, f)AH, (4)Öd×

DSS(t, f) ½ Ì ¿+À ¹+ë Æ�Ñ�Ò�Ó�Ô ²�³ Í Ö�ôõ�ö�÷�ø�¹�ù�ú ½�û�ü Ì ¿�À�Å�Æ ¹�ý�þ�ÿ Ü�� ¼����õ�������õ�� ü���	 Ì ¿�À ÿ Ü�� ¹ Ñ�Ò (t, f)
�¼
DSS(t, f) ��� õ�ö ³ Íâ�ê�
�� ¿�À X(t) ������¿�À�½ Z(t) Õ

Z(t)=WX(t)=W (AS(t)+n(t))=US(t)+Wn(t),

(5)Ö/×
W ½���� ²�³ ¼ ò�� ð.º�»�¹�������É�Ê��

ó�Í U = WA, ����	������ ²�³ Í
A = W

#
U , (6)

# � � ! ³ ¼ ½ ã � ó Ç+È+É+Ê ²�³ A, " # $ ë Æ
Ñ�Ò�Ó�Ô ²�³ DXX(t, f)

×�%�»
U &�ò�Íðfå

(4) Ú å (5), ò���ó�'(������¿�À Z(t)
¹

ë Æ�Ñ�Ò�Ó�Ô ²�³ Õ
DZZ(t, f) = UDSS(t, f)UH. (7)å

(7) ��) õ�������õ��*� ÿ Ü�� ¹ (t, f)

�¼,+ �

��� ²�³ U
¹�-(. Þ�/�½ DZZ(t, f)

¹�0�1(. Þ ¼2+Ö+õ+ö � � 3+ó ' ¹ 0 1 4 � DSS(t, f)
¹+õ+ö+÷

ù�ú Í65�7���8 U ����	�ò�� 2 DZZ(t, f) 9�½ õö ³ ¹ ²�³ ¼ &�Õ
U

H
DZZ(t, f)U = diag[d1, · · · , dn], (8)Ö ×

[d1, · · · , dn] ½ DSS(t, f)
¹+õ+ö+÷+ù+ú Í;: < =>�õ�ö ��? [18] ò�� � ó������ ²�³ U Í@�A ¼ Ó�B�� ¹�Ì ¿�À�C�D 4 Ŝ(t) ò���)�½�Õ

Ŝ(t) = U
H
ŴX(t), (9)
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1 L(0,3), L(0,4) � L(0,6) ������	�
���� ��
����������

(a), (b), (c)
�����

L(0,6), L(0,3), L(0,4) ������	�
���� ��� (e), (f), (c)
�����

L(0,6), L(0,3), L(0,4) ������	�
 �������

�
2 ����������� X1, X2, X3, X4 
���� �Ç�È�É�Ê ²�³ ¹ C�D 4 Â ò���)�½�Õ

Â = Ŵ
#

Û . (10)

2 ���
2.1 �! !"!#

$&%&'&(/×.¼ <���	&)&*&+&,&-&. ¹0/21 .&3465 3 $676869 Ú 96: Í /21 . ¹6;&<&=�Ê Á 76896>�ç�� ü ¼@?@A Ó�Û�½�Õ@B6C 1.9 g/cm3, D6E6F
C�½ 4 m/ms, G6E6F6C 1.97 m/ms, H6C 7 mm, IJ6K

9 mm Í +6L E ¹ Â6M6N�B R1 = 60 mm Ñ ¼O!P L E ¹ E!Q!R!S [4] T@U »�¹!L E!3 å ½ L(0,1)

' L(0,9) V < 3 å�¼XW � L(0,7) ' L(0,9) �!Y < 3å+¹[Z C ô[\[]+¼_^[` ò �[a[b+Í�c@d æfefâ+¹ U[gö C�Ú 0.5 MHz( h!i 9 B!. '!(d×fÈ!j Ä ¹d×Xk Ò
Ü )
¹ T[U Ò+Ü ï+¼ ü+Ñ[l[m ' ¹!L E!3 å �!n+û6op!q Y <�¼sr!t < TFBSS R�? õ�
�� ¿�À!u!v�Ó�B

Ñ ¼ " #[w[x 
 � ¿+À ¹[y+Ê[z �[L E[3 å+¹[<[{+Ê
7+ò �[|[}+Ó B ¼ 3 �[~ <[� y 
�� ¿+À�Í æ[$!%['(d× ����	 4 v 3

-�¹!�!�!�@�
A �!Y <!L E!3 å� >!� 5 ¼ 3!�!l!m�' ¹�
�� ¿�À X, & X = AS,�!�

S ��� Ì ¿�À �!��¼ &!�!Y <!L E!��9 ã!�!�

ä�å�¼6����
!�!�!�
X � ð � y�
!� ¿�À X1, X2,

X3, X4

Ï 9+Í �[� ~[� ã L(0,3), L(0,4) Ú L(0,6) Y< 3 å�¼@?6A�¹ Ñ6��¿�À�Ú�Ñ�Ò�Ó�Ô6�6� 1 3�)�Í
$[� 1(d) ��� 1(e) Ú[� 1(f) ò �[� » Y <[L E[3 å¹ Ñ+Ò+Ó+Ô+û�ü ¼ $ r ò ��< TFBSS R ? � ?[A Ó
B » 5 Í@� y�
!� ¿�À X1, X2, X3, X4

×f¹!� � y� �6Y <6L E63 å�¹6�6��¼�Ö E ä �6�6� 2 3�)�Í
ò �[� ' �[y 
[� ¿+À[� A Æ+û+ü ¼ c[d+Á[� � ¹@L
E!3 å 5!�!� z!�!� Í
2.2 �!�!�! !¡!"!#

B[. '[([¢[£ �[� 3 3 ) ¼¤'[([¥[¦ ½[h[i 9+¼'!(!§!¨ � è!© 4 Ú è!© 7 3�)�Í '!(d× p ¸�È!j

�
3 ª�«�¬�������
�­�®�¯�°
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Ä ¹d× k Ò�Ü�½ 0.5 MHz, U!g È!j Ä ¹ U!g ö C eâ û�Ý�½ 45◦, l!m È!j Ä ¹�ö C ��	 Ý���
!l!m��

 Ê P ¼ Ö Ý ����
Q½ 0◦ ' 75◦,

æ
Z1 Ú Z1 � £ ÓÛ!l!m 5

Ï Ê P Í Öd× U!g ö C θ
¹ ~!����� Snellâ�� Õ

θ = sin−1(Cw/CP ). (11)

Cw ½ · g E ¹ F[C ¼ Cp ½ 3�� L E[3 å+¹ � F[C+Í
3 �������������
3.1 �! ����������

t < >�� Ñ�Ò�Ó�Ô ¹ � ¿�À�Ó�B !�? (TFBSS)õ �!� 2 3�) ¹ � y � > ¿�À X1, X2, X3, X4 u!vÓ B ¼#"�$ �[� 4(b) 3 )+Í æ � > ¿+À × �+· 25 dB¹ %�¸ � ¼ Ó�B�� ¹ & $ Ó�Û6�6� 4(c) 3�)�Í�Á Ì

¿�À ( � 4(a))
�('f¼ ò��!��' æ�µ!��·�%�¸�¹�í�îï+¼ Y < 3 å[��)�*�++¹ Ó B » 5 ¼ C D+¿�À+Á ?[A¹�Ì ¿�À ì ,�æ - . Ñ�Æ /�� "10 Ñ�Æ � w 213@C¹ ��4[,+Í æ[�+· 25 dB

¹�%+¸ Ñ ¼ Y < 3 å 5 j �A Ó -+¼ C D+¿+À+Á Ì ¿+À ¹�5�6[>�ç ��4 ¼ W � @
½ %�¸�¹�¶�·�¼87�� 3 å�¹ -1. Ú "10 Ñ�Æ�Ý�ó&�
 3 9 ã�¼ � L(0,6) 3 å�¹ � J : E ä�ç�� � ; <=�>+¹ q S ¼ @ )�%+¸�?�@�A û�BDC ã ÍFE q ��G+¼æ6z��

20 dB
¹ ¿ %H'�ï�¼@L E63 å6� ò���Ó -�¼

� $ ¿+À[u ��I+Ý �+¼ ð,��)�J�%+¸�?�@�¼ Ó B »+¹L E[3 å�K[%�L[z+¼ ì ? < �+ï ��I�M[F[C ¹[� Þ+ÍA�N ¼ " # 
 � ¿+À ¹[y�Ê[z���Ì ¿�À ( û�ü ¹[L E
3 å )

¹!y�Ê�¼6� < TFBSS R�? õ�
�� ¿�À ¹ Ó�B"8$[>+ç � ü ¼ 5 7 � 8 ¼FO Ë y+Ê+¹�
 � ¿+À õ Ó
B "�$�P ��Q z�R�S Í

(a) ������	UT�������� �

(b) VUWUXUY�« � ������	�
 �UZU[U\

(c) WUX 25 dB Y�« � ������	�
 �UZU[U\�
4 ������	�
 �UZU]U\U^ (a) _���� ^ (b) VUWUXUY�« ^ (c) WUX 25 dB Y «
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Â�� ¹�� � L E1M&F&C [13]

¹ R�?���Õ@� U&gÈ!j Ä�Ú!l!m È!j Ä�Å�Æ ¹ N�B R
+ / L E ¹ Â!M

N�B ¼ �6l6m6E ä�¹ Ñ�Ò ÿ Ü���� z�4 3 õ���¹ Ñ
Æ�/�½ L E ¹ Â!M�Ñ�Æ t, $ r ò�� � ó L E ¹ F!C
c = R/t Í W � L E ¹�ä 9���#�� â�¹ Ñ�Æ ¼ c!d�û
ü L E63 å�¹�ä 9�Ñ�Æ�ûñü ¼ � 	�Ñ�Æ&�����&} ¹
D�! » 5 ¼ @�A Â�� ¹ N�B R b z��!%!'�¹!L E�Â
M!N�B R0, 3��

+
R
L!] Ñ ¼@�!¥ D�! L E ¹ M!F

C[o ¶+·�L[z+¹��[� Í Â��[R ? ×Q¹ t 	 ã[L E ¹ Â
M�Ñ�Æ t0

N / 5�
!L E ¹�ä 9�Ñ�Æ���� p ¸ E æ�Èj Ä�� ä�
�� ×Q¹ Â[M+Ñ+Æ ¼ 3 �+Â�� ¹ t
z �[%['

¹
t0 Í�½ ã�� Þ ¹�>����[�+¼�ç+è : < � 4 ? 5 � ÞL E ¹ M[F[C+Í��[.[R ?[� ï Õ�	 ã � ø�������¹+æ

R1 = 60 mm ��ó�' 4
Ï 
!��4 N ¼�æ

R2 = 90 mm

���+ó ' 4
Ï 
[� 4+¼ õ[?[A Ó+Û < TFBSS R ?[u

v[3 å Ó B+Í ü � < 3 å���� @ Â[M[N B+û+ü[o�� æ
Ò�� ¼¤W[?[A Å+Æ ¹�� � ���+Ê #���� z � û+ü[3 å
Å+Æ ¹�� � ���+Ê Í � R1 = 60 mm Ñ L(0,6) 3 å Á
R2 = 90 mm Ñ L(0,6) 3 å�¹���������Ê #���� z

�6? Á L(0,4) 3 å�¹���������Ê�¼�ì , A Ñ L(0,4)

Â!M!N�B�� R1 /�� R2 Í 3�� t < ��������Ê ò��� '�û�ü�Â6M6N�B ï�¹ ü <6L E63 å�¼ � L(0,6) 3å Í ?�¹ M!F!C�ò���< ��4 ?�D�!�Õ
CR = (R2 − R1)/(t2 − t1), (12)Öd×

t2 �
L E�Â!M!N�B�½ R2 Ñ ¼ L(0,6) 3 å Ñ�Ò

� ×Qÿ Ü � J C�� z 4 3 õ �+¹ Ñ�Æ ¼ ü ¨ t1 � R1Ñ ÿ Ü�� J C�� z�4 3 õ���¹ Ñ�Æ�Íæ û+ü ¹ Ò[H+é+Ú+û+ü ¹ U[g ö C ï+¼ j� T[U¹[L E[3 å û+ü ¼ �[� 5 3 )+Í Ö U[g ö C+Ú+Ò[H+é ¹��� � è[© 4 3 )+Í ++È[j Ä ¹ × k Ò+Ü+½ 0.5 MHz,æ[7[8[9 H[C+½ 7 mm, &+Ò[H+é+½ 3.5 MHz·mm Ñ ¼A Ñ�ò � T U ¹ L E 3 å ½ L(0,4), L(0,5) Ú L(0,6) Í$[% ×Q¼"!�# �+ü � 	+Ò[H+é ï ò j�$�%+¹[L E[3 å
� �[�[�[� A

� Ú 9 
 � ¿+À X, � t < TFBSS R
?[� � �+æ � �+¹ 3 å Ó -+¼"� � t < � 4 ? D�! L
E ¹ M[F[C ¼ c � A 4 Á Ö[¨�, 4 u!v ' L�¼ "�$ �
� 1 3�)�Í�ò��!��'�< ��4 ?�D�! »�¹ M!F!C�Á Ö

�
5 &(' �()(* &('(+(,(-(.(/(0(1�
�¬�����	

2
1 3(4(5(6(1�
�¬��(7(8(,(9(:(;(<�
>=@?

�()(* A(B(C() , ¬�����	 7(8(,�
(:(; 3(4(5(6(1�
 D(E
(MHz·mm) (mm) < (m/s) 7(8(, (m/s) (%)

2.5 5
L(0,3) 1617 1500 7.2

L(0,4) 2854 2885 1.1

3 6
L(0,4) 2553 2679 4.9

L(0,5) 2304 2343 1.7

L(0,4) 1930 1974 2.3

3.5 7 L(0,5) 2470 2500 1.2

L(0,6) 2089 2083 0.3

L(0,4) 1437 1442 0.3

4 8 L(0,5) 2721 2679 1.5

L(0,6) 2159 2083 3.5
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�
6 � 45◦ 0��(+(- A(B(C������ 
�����¬�����	

2
2
A(B(C�� ¬��(7(8(,�
�­��(<(9 � :(;(<�
>=@?

����¬�����	 7(8(,(:(;(< (m/s) 7(8(,�­��(< (m/s) D(E (%)

��	 C
1 L(0,4) 2386 2292 3.9

��	 C
2

L(0,5) 2704 2777 2.7

L(0,6) 2157 2273 5.4

¨�, 4+ô[\ l�
 ¼ � ]+¹��[� "[� 0.3%,
Ö���
��[�

½ 2.4%,
$�%[§ @ ò j � Î R �+¼ � �+Ñ+Ò[� ¹ Ó��

Ü�û  3 ¼�� � L E æ $ 60 mm Â�' 90 mm
¹ q

S × U %�ã�L!z�¹ Ò���Í
3.2 �!�!�! !¡!"!#����������æ 7 8 9 H Cñ½ 7 mm

¹ B . h i 9 1
×�¼

U g ö Á Ò H é ¹ � � � � 6 3 ) Í æ Ò H é ½
3.5 MHz·mm ��� ¼ + U[g ö ½ 45◦ Ñ 3 T[U »+¹��
#!3 å�� ��½ L(0,4) Ú L(0,5)

Î < 3 å�¼@r L(0,6)

3 å�����$�%�¼ 3���& 2�»���æ l&m�¿�À ×.¼�Ö&Z
C�56o @ Ò�� rH' L6] Í@h6i 9 2

¹676869 H6C�½
8 mm,

Ö Ò[H+é+½ 4.0 MHz·mm ��� ¼ 3 � � �[o[�
L(0,5), L(0,6)

Î < 3 å Í õ l6m�' ¹�Ê P # < TF-

BSS R�?�Ó�B »�� #63 å�¼ � � t < ��4 ? � � L
E ¹ M6F6C ¼8" $ ��� 2 3�)�Í�ò��6��' æ676869× '[�+¹[L E�M[F@C+Á Ö[¨�, 4[��' L l�
 ¼ x�B æ$[%['[( × 3 < ' ¹ TFBSS Ó B�! ?+Ú � 4 � ��M
F[C[R ? 5+ü ¥�� < � B[.[h[i 9['[( Í W � æ h[i9

1
¹!'!(d× c P � j� Ó�B » L(0,5) 3 å�¼ E q

� � U ��¼ h6i 9 1
×�¹ l6m�¿�À���� ã L6z�¹ =>�¼ÙÖd× k Ò�Ü�9�Ó���' ã 0.46 MHz ��� ¼ & æ Ò

H+é 3.2 MHz·mm Ñ ¼ L(0,5) 3 å�� B 45◦ Q�� ¼ �
� 6 3�)�Í @�A & 2 l!m�¿�À × � æ L(0,5) 3 å�¼
56o @ Ö6Z C Q ]6r��1P�æ1%�¸ñ× Í8M&F6C $�%��

��¹6§ @ ¼ 	 ã�æ6$6%6'&(�×! ' ¹ Ñ�Ò&��Ó���Ü"�# Ú æ Â6M q S × U % Ò�� N ¼ /�ò j @ ½ '&(× 3�< ¹ h6i 9676869�¹6;&<6=�Ê Á ¨ ,�4 D ! ×
3�:�< ¹ ��3�û�ü�Í
4 ���

ç�è6t < >�� Ñ�Ò�Ó�Ô ¹ � ¿�À�Ó�B&R�? õ ���æ � ��¹6;6<6L E63 å u&v�Ó�B ¼ � � õ ��� ¹L E[3 å � ��M[F[C+Í $ $[%�"�$ ò �!� »�¼ TFBSS

R�? æ � â ¿ %H'�¹�$�%�ï6j� �& } ¹ Ó�B » � �æ � ��¹6;6<6L E63 å�¼@r ��< ��4 ? � � ¹6L E
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