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Abstract To understand better the numerical results of loudspeakers, the uniformly valid general solutions are studied

analytically for axisymmetric vibration of loudspeaker conical shells in the whole loudspeaker frequency range, which are

presented in the form of special functions. At typical low frequencies the bending solutions appear only as the boundary

layer effect; in the typical turning-point range they exist in the outer part of the shell outside the turning point; at

typical high frequencies they cover the whole loudspeaker shell. The membrane solutions and the bending solutions are

coupled each other in the turning-point range, and this coupling shows that one can not eliminate the partition vibration

in loudspeaker shells.
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(

6
∑

k=0

ak(s)
dkw

dsk

)

+

2
∑

k=0

bk(s)
dkw

dsk
=0, (a6 =1).

(1)Á E�Â ý�Ã ×�Ä�_�} ¥ w
± :�¹ N�O (

S £ 1)
² �

E ¥�� P�Å * Å f Ù�}�Æ ¢�Ç�È } ¥yÐÍÑ N�O u Æ
w, É È h, Ê Å s, Ë�Ì R Æ Ï�Ð�Ñ & È E ��Í ÷�ø¢ » ¹ �¾Gp\ ËAÌ R2 Î ø Ð ÑAÏ @ÍÙA}AÆ ¢��uG\ Ë�Ì R∗

2(a) � }�Æ�` ¥ÑÐ R2(a) ≡ 1
² Ï�Ò � µ Æ

ε
0�Ó�±

µ5 = ε4 = h2/[12(1− ν2)], ν
±�Ô X t ²�PÁAÕ BAÖ

1
7 ý�\ ÐðÑ É È Ù BÍ¥ Å fA×¾G ÚAØÍ²Ö

2
7 ý�Å f ��Ù Ú�Ø�² ÿ��

b2(s) = Ω2 −R−2
2 (s) ≡ b(s), (2)Á E ¥ � }6Æ Ô6\6Ò � Ω = (ω/

√

E/ρ)R∗
2(a)

²%Ú
¨�¥%Û

Ω
N�á

Ra/Rb = R−1
2 (b) ≤ Ω ≤ R−1

2 (a) = 1, (3)��Ü�] � 0 Ô�\�¥yÏ�Ð�Ñ P 1�Ï
1
.�Ý

s = s∗
Z [

b(s∗) = 0, s∗
G ±�ñ�ò (1)

¢ ã�3 ¥yÔ��
(3)
= ±�ã

3 Ô���¥�I�R Ù�}�Æ � f�� ± �
√

E/ρ/[2πR∗
2(b)]≡ftb <f <fta≡

√

E/ρ/[2πR∗
2(a)].

(4)_ Á
(3) Æ Á (4)

��S ¥yÔA\AÒ � Ω
¢AÞ ]A`�,Aßà�á P ¸ ã�3 Ô���¢ P�� Ô�\

fta

²
ã�3�N�â�ã�0�á Ô�\�¥ N�á

s∗ = (Ω tan α)−1. (5)

Ï ãD3 ÔD��¥�ä�Ô�\�åDL�¥ ãD3F_ Ê�Ñ�¢ ?�@�O ¹ Ï@�² Û
Ω
N�á�ã�3 Ô�� <Ì¥ ã�3 � Ð�Ñ ý õ 3

.%æ
ç6è%é6ê6ç

s ≈ s∗, b(s) ≈ 0;
é6ê6ë6ì6ç

s > s∗,

b(s) > 0;
é�ê�íIì�ç

s < s∗, b(s) < 0 î%ï ë�ð%ñ�òó é�ê�ô�õ�ö�ò�ô�õ�ð÷ñ�ø�ù�ú�û�ð÷ü�ý
b(s) < 0 þñAÿ ó éAêAôAõAöAÿAôAõAð

b(s) > 0
ñAø%ùAú6ûAü

��� îÛ
b(s) 6= 0 � ð�������	�
������� (1) �������� ������������è

ε4 d4w

ds4
− b(s)w = 0 (6)

�

b(s)
d2w

ds2
+ b1(s)

dw

ds
+ b0(s)w = 0. (7)
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ù���� ���� 4

ù ��� ���
2
ù��

��� î���� ð b(s)
ö�����ã���� � � ��

(6)
ö���ö

��� î�� b(s) < 0(
ò�ô�õ���é�ê�ô�õ�ö�é�ê�íYì�ç

),� � � �������� ö�!�"��Að$#�%�&�'�(�) ��*�+,�- î/.�0�1���2 	�ò�ô�õ���3�������45�ð/6 .��ò�ô�õ������ö78
( 9 778 ) :; ó 1�<2=>�?�ðA@�� �BDCFEGH 3��I � 45 îA� b(s) > 0J ÿ�ô�õ���é�ê�ô�õ�ö�é�ê�ë�ì�çLK ð ��� � CFM �

2
ù �����< ö�!�"��AëAð<N ��O�) 2

ù =�P ö�QRS"��ðATO)U7
( �V= - ),

���W � ���X�Y[Z ����\ U[]_^ � Y�`�a î�ï<G b�ð ������
(7)
	�ò�ô�õ���ÿ�ô�õ �cd O 2

ùef������ð �
4
ù ��� � Ggh ���� (1)

öij�k îml 	�é�êô�õ�ð . b(s∗) = 0, n ��o�p 1
ù�q�r��������

1
ù

e�f�������ð/e�f������ ��s é�êO�)�öt�u�ð/v h����
(1)
ö<ij� îw0x ðzyF{|�ö}-�
�ðw~�

WKB

�ð����ö���

(6)
ö

4
ù ��� ��	�é�êq

r
( ��� (19) C ö Hw

ö�(�� � ), l�� �� (1)
	�é

ê�qr î ��ù��(D�F	�é�ê�ð � �� (1) ����
� � � �  � (6)

� � �  �
(7), Ross[6] .�0 �Aé

ê�� � ���F� X������ � X� CF� ��ö�æ�ç î� &�����ð/	�é�ê�ô�õ�ð�é�ê�ç�ë�ö���v � 5 óò�ô�õ���ÿ�ô�õ�ð � ��� � 4
ù ��� ���

2
ù����

��ð � � ��	�é�ê<��ì�ý ��� ö�� � ð�e�f������v
h �  � (1)

ö�i�j��Að
4
ù � � � �

1
ù�q�r �

����	AéAê�� � ð%ú»ûAéAê�������� � ����	6éAê� � ö�
5
ù� î

1.2 ��é�ê�����ö���
�ý�����ð n�G�� ����	�&�� 3
ù

ç�í ��c ����ö����� �¡�¢�£ [6] , ï ë G ���
 ��¤�¥�ç G¦ ý � � [7−8] î �§ G¦ ý � � � !�	ú�û�ö�¥�ç�ý�¨ G ö�(�� � ð 0 � � õ�(© îªM 1
ù

e�f�������ë�ð�ú�û = -��� (1)
ö�i�j���k CYï ë

5
ù G�¦ ý � � ��� ¡�«�¬�S�"�(�O�ð® � ��¯°�S"
( ±���²�³�´�µ S�" )

(�O î·¶�¸ 8
������¡ 9 ]_¹º

u
�UD]F¹º

w �»¼½ ö¾��¿ � ���À ( M
a1

�
b2, = -��� (1)

ö�k�"�(�� � ��|�Á�8�ð�Â���' � ó�Ã �péAêAö�Ä�	 �Añ��Aö�t�u
), d O��Åy

²�³�´�µ S�" Zi(ζ, p)(i = 1, 2, 3, 4, 5, p � ø�"�ðÆ��Ç¡
Z5(ζ, p)

(�© ¶�¸ 8 C ö R(ζ, p))
(�O�ö�¹�º�� ´

µ #% ½ ö&� 5
ù��ö(� � è

|


















































































ui = µα(s)Zi(ζ, 1), Ni = CN (s)Zi(ζ, 1), wi = γ0(s)Zi(ζ, 0) (i = 1, 2, 3)

u4 = µα(s)ζ−1Z4(ζ,−3)− u6ζ
−1Z4(ζ, 2),

N4 = CN (s)ζ−1Z4(ζ,−3)−N6ζ
−1Z4(ζ, 2),

w4 = γ(s)Z4(ζ, 0)− w6Z4(ζ, 1),

u5 = u5m − u6

[

ζ−1Z5(ζ, 2) + ln |ζ|+ γ − 1
]

+ µα(s)ζ−1Z5(ζ,−3)

N5 = N5m −N6

[

ζ−1Z5(2) + ln ζ + γ − 1
]

+ CN (s)ζ−1Z5(ζ,−3),

w5 = w5m − w6 [Z5(ζ, 1) + ln |ζ|+ γ] + γ(s)ζ−1Z5(ζ,−4),

βi = −µ−1z′(s)γ(s)Zi(ζ,−1),

Mi = −µ−2z′2(s)γ(s)Zi(ζ,−2),

Qi = −µ−3z′3(s)γ(s)Zi(ζ,−3), (i = 1, 2, 3, 4, 5)

(8)

|
�ÅC ð%é�R β = −w′, N , M

�
Q ��c � s

Å]pö
� ½�È ö6ú > X�Y�É�Y�
 � � ��U�Ê�Y6ð � ½�È�.Ë ��c � Eh∗/(1 − ν2), Eh∗3/[12(1 − ν2)R∗

2(a)]
�

Eh∗3/[12(1− ν2)R∗2
2 (a)],

�Ç
h∗ Ì (�ý ½È ö�ú�ûÍ 	 þ<Î�Ï 5m

�
6 ��c Ì (�&��Aö�q�r � ��� �e�f�������ð

CN (s) = −(ν−1−ν)µα(s)/s, Ð�Ñ |�"
γ = 0.5772156649· · ·, ²³´µ S"�öLÒÔÓ ½

ζ = z(s)/µ ≡
[

5

4

∫ s

s∗

b1/4(x)dx

]4/5
/

µ, (9)

	Õ
u6(s∗) = νε0.5/R2(s∗) (10)

öÖ× Î ð<k" α(s)
�

γ(s) � è






















α(s) = −µ−3/8 ν

R2

(s∗
s

)1/2
[

z′(s∗)

z′(s)

]5/2

,

γ(s) = µ−3/8z′(s∗)
(s∗

s

)1/2
[

z′(s∗)

z′(s)

]3/2

.

(11)

� (8) C ö 6
ù#% ½DC ð ñ������ð u, N

�
w �ij ½ ð nØ½��Ù½�þ ñ � � �Að w, β, M
�

Q

� ij ½ ð u
�

N �Ù½�î ñÚ�é�ú�û�ð�y ó 9 ]¹ºÛ��Ü ¦ UD]F¹º�ð . W w
� �9 7Ý-�öij ½ ð<� \Þßà= - ���î
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j ¶ ¡ Frankort[4] � ê	�	
�ö Ï � 50.3
ö 1

� 2�� û � ��� ~rð n� " ����� R 50◦,
í ���

17 mm,
ë ��� 83 mm,

Í 	
0.23 mm, ����� ½

2×109 N/m2, � 	 600 kg/m3, ����� 0.3 î n é�ê�ôõ � 0.2048 < Ω < 1, ß�� 2250 Hz< f <10980 Hz î�
2
©�O�� � � (9)

y
Simpson ! � "�� � �Aö #8LÒÔÓ ½ ζ

� � û�$ Ï s
	

3
ù�ô�% Î ö µ k î �

C ð÷ô�% 5000 Hz
¹ ó é�ê�ô�õ�ð ï ë 2

ù�ô�% ��c¹ ó ò�ô�õ���ÿ�ô�õ î �<¡�&�'�ð�	�é�ê�ô�õ�ð ζ
Ó

��ð
ζ = 0

ñX��é�ê¹�( þ 	�ò�ôAõ�ð ζ < 0;
	

ÿ�ô�õ�ð
ζ > 0 î

1.3 )�*�+�,�-�.�/�0�1� �	2	3 ö�¯�°�S�"6ð ²�³�´�µ S�"6ö	4 �	5
d O n�6 "(� � ��74�8�9 ��î�6 "(� ��� [8] :

|
















Z1(p)

Z2(p)

Z3(p)

Z4(p)

Z5(p)

















=
5−

p+4

5

π

∞
∑

n=0

(51/5ζ)n

n!
Γ ∗

(

n + 1− p

5

)

















sin 2αnp

cosαnp − cos 2αnp

1− cosαnp

sinαnp

π cosαnp

















+

















−0.2J(ζ, p)

0

0

0.4J(ζ, p)

0

















, (12)

� C è Γ ∗(x) |x6=0,−1,−2,··· = Γ (x), Γ ∗(0) = ln 5 − γ, J(ζ, p) = 0 (p ≤ 0), J(ζ, 1) = 1, J(ζ, 2) = ζ, αnp =

2π(n + 1− p)/5 î &� 6 "(� ��:�G¦�;�< ð l�;�<�=�> ð x�? ýD�A@�ö#%p ³�î
²³´µ S"�ö�74(� ��� [8]:












r exp(η) sin [η + (6p + 1)π/8]

r exp(η) cos [η + (6p + 1)π/8]

r exp(−η) cos [η + (2p + 3)π/8]

r exp(−η) sin [η + (2p + 3)π/8]













ζ→−∞

←−−−−













Z1(p)

Z2(p)

Z3(p)

Z4(p)













ζ→+∞

−−−−→













(−1)pr exp(−θ)/2

r cos[θ − (2p− 1)π/4]

r exp(θ)

r sin[θ − (2p− 1)π/4] + J(ζ, p)













,

Rm

ζ→−∞

←−−−−−−−−−Z5(p)
ζ→+∞

−−−−−−−−−→Rm + πZ2(p),

(13)

|
� C ð r = |ζ|− 2p+3

8 /
√

2π, θ = ε−1
∫ s

s∗

b1/4(x)dx,

η = (
√

2ε)−1
∫ s∗

s
[−b(x)]1/4dx, � p ≤ 0 � Rm =

(−p)!(−ζ)p−1, � p ≥ 1 � ð Rm = (− ln |ζ| − γ +
∑p−1

k=1
1
k ) ζp−1

(p−1)! î<� (12)

 � (13) B�Î�¶ÅC ð�C D

Zi(ζ, p)
öLÒÔÓ ½ ζ î � 3

©O�Dy 6 "<(� � ��7

E
2 FHGJILKHM ζ NHOHPHQHR s S 3 THUHVHWHXHYHZ

4 8 9 � 4 � ö [ 3
ù \ ] ²�³�´�µ S�"Aö ^ î �

� ð � |ζ| > 2 � ð<���4 � ��_DZF�|�`4�ð Z �

E
3 aLbHcHdHeHfHNHgHhHiHjHfHkHlHXHm 3 THnHoHpHYHqHcHXHr

( sHtHuvbHcHdHeHfHkHlHrHwvxHtHuvgHhHiHjHfHkHlHr )
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ñ�� ; ��"�@���� 5 ð Ross[6]

d O�ö���� � |ζ| > 5) î�� |ζ| ≤ 2 � ð ²�³�´�µ S�"ö�^[y 6 "�(�� � (12)
4 � ð 0�� |ζ| > 2 � ð �[y 74�8�9 � (13) ����²�³�´�µ S�"�ö�4 ��î |ζ | ≤ 2

�
� � éAê
	
� 	Aö
�
 ��?6ð . ��Î b ��¡	&	'Að
G
� 7�4 8 9 � � �Að<��T � ��� � � � � � � �� î�� (12)

� � (13) d O� ²³´µ S"�ö�����4
����� ð ²³´µ S"�ö !�� (� ��¶¸ 8 î
1.4 �����/�0�1��ö�(�� � (8) C O�)�¡ Î�Ï 5m

�
6
(�©�ö�q

r���������e�f�������ð/	�����ô�õ�� ����� ? ý ���(�� � ����� G��  � "�^ !�� ���������'����
� û�� ������ � [4]:


























dN

ds
=

νg − 1

s
N +

1− ν2

s2
(g −Ω2s2)u,

du

ds
= −ν2g − 1

1− ν2
N − νg

s
u,

[(Ωs tan α)2 − 1]w=tan α[u + νsN/(1− ν2)].

(14)

� C g = (Ωs tan α)2/[(Ωs tan α)2 − 1]
��� ��¡ ÎÓ�!

{

n = sN1/(1− ν2),

S = X2 = (Ωs tan α)2.
(15)

� � (14) ������"














2(S − 1)n′ = νn + (csc2 α− cot2 αS)u,

2S(S − 1)u′ = −
[

1− (1− ν2)S
]

n− νSu,

w =
tan α

S − 1
(u + νn),

(16)

�DC$# Ì (�� S
�Ü��<6

1 % &�'���� S = 1
� �&��  �Aö�q
�
�<&��  �6ö
& 6 " ' � ö�� (
)� '
� � � Z 	 ¶�¸ 11 C d O N5m, N6, u5m, u6,

w5m

�
w6

ö�& 6 "�' � ���ªÂ ¶ ��
� 1���2�� û����ô�õ�ö = -��
²�³�´�µ S�"���������ö�4 � ��� G�� ��*�� y

� (8) + ��*�� d ��,�% Î ö���� � 4
©�O��

5000 Hz

� ö 4 ��1���2 ú6û�UÅ] ¹�ºAö 6
ù�i�j��Aö ´ �^�� n[C w1 ∼ w5 ��c�-�.�/ ö�0 ; ����^ ´�M � 0

w6 - w4

ö�0 ; ����^ ´M � w5m - w5

ö�0 ; ���^ ´�M � � � � w5m

@���	�����q�r�� l w5

¡ B��ý�ö�i�j���	�������q�r��®Â � 	 Î b�N���1�2��

E
4 5000 Hz 3HX 6 T545657Hu985:5;9<5:5=5>Hw

(a) w1, w2 N w3, (b) w4 N w6, (c) w5 N w5m

1.5 ��/�?�@�A�B��(�� � (8) � ¥�	 G�¦ ý � ö�� ��7�4�8�9 �
(13) Ì � � (8)

� '
�
�DCFE
	 �
�
�
G
E
	 ��cý � ö� "
|

� s < s∗(ζ < −2):


















































u = −εHu [A1e
ηs−(η) + A2e

ηc−(η) + A3e
−ηs+(η)−A4e

−ηc+(η)] + A5u5m + A6u6,

N = −εHn [A1e
ηs−(η) + A2e

ηc−(η) + A3e
−ηs+(η)−A4e

−ηc+(η)] + A5N5m + A6N6,

w = Hw [A1e
ηs+(η) + A2e

ηc+(η)−A3e
−ηs−(η) + A4e

−ηc−(η)] + A5w5m + A6w6,

β = ε−1 |b|1/4
Hw [A1e

ηc−(η)−A2e
ηs−(η) −A3e

−ηc+(η)−A4e
−ηs+(η)] ,

M = −ε−2 |b|1/2
Hw [A1e

ηc+(η) −A2e
ηs+(η) + A3e

−ηc−(η) + A4e
−ηs−(η)] ,

Q = −ε−3 |b|3/4 Hw [A1e
ηs−(η) + A2e

ηc−(η) + A3e
−ηs+(η)−A4e

−ηc+(η)] .

(17)
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� s > s∗(ζ > 2):






















































u = εHu

[

−A1/2e−θ + A2s(θ) + A3e
θ
]

−A4 [εHuc(θ) + u6] + A5 [u5m + πεHus(θ)] + A6u6,

N = εHn

[

−A1/2e−θ + A2s(θ) + A3e
θ
]

−A4 [εHnc(θ) + N6] + A5 [N5m + πεHns(θ)] + A6N6,

w = Hw

[

A1/2e−θ + A2c(θ) + A3e
θ
]

+ A4 [Hws(θ)− w6] + A5 [w5m + πHwc(θ)] + A6w6,

β = −ε−1b1/4Hw

[

−A1/2e−θ −A2s(θ) + A3e
θ + A4c(θ)−A5πs(θ)

]

,

M = −ε−2b1/2Hw

[

A1/2e−θ −A2c(θ) + A3e
θ −A4s(θ)−A5πc(θ)

]

,

Q = −ε−3b3/4Hw

[

−A1/2e−θ + A2s(θ) + A3e
θ −A4c(θ) + A5πs(θ)

]

,

(18)

|�DC Ai ���
�|"��

θ
�

η
öp ³�� (13), x































































s(θ) = sin(θ + π/4), (θ) = cos(θ + π/4),

s+(η) = sin(η + π/8), c+(η) = cos(η + π/8),

s−(η) = sin(η − π/8), c−(η) = cos(η − π/8),

Hu = − 1√
2π

ν

R2

(s∗
s

)1/2 b′(s∗)
1/2

|b(s)|5/8
,

Hn = −1− ν2

νs
Hu,

Hw =
1√
2π

(s∗
s

)1/2 b′(s∗)
1/2

|b(s)|3/8
.

(19)������� 	�����	�G�����¡�� ��� � � �����������

&���� C Ó ½ θ, η
ö�S�" Ì ( � � �
� Î�Ï 5m

�

6 ��c Ì (�q�r���������e�f�������� y�� Ù� "�O)�	
θ, η
ö ��� � � � � ´ ������� ��� Ó�ö��®	����	�GÓ � ��	 � s/ε,

	�����	 C � s/µ
�
	�G��

� (17)
� � (18)

� �
4 ��� (D�$�A	���� C$E�	 �� ��'�Ä�	�!�"�� þ/0 	�����G�E�	�� M !"���G��N�O�)�Q�R�S�"����Ôy� � � ��ö � Ó�¯����/!"��'() �*���� � X�� � � 4(a);

QRS"�() �78�����ö ��� 7�� � � 4(b)
� �

4(c)
�

	�����	 C$�
��� ²³´µ S"�ö���� "� [8] ,y � (8)
��' "

|
� s ≈ s∗(|ζ| < 2):



















































































































u = −u6(s∗)

{

5
∑

i=1

AiZi(ζ, 1) + A5 [2/ν+γ + ln ζ ′(s∗)]−A6

}

,

N = ε1/2(1− ν2)R−2
2 (s∗) tanα

{

5
∑

i=1

AiZi(ζ, 1) + A5 [γ + ln ζ ′(s∗)]−A6

}

,

w = ε1/2µ−1z′(s∗)

5
∑

i=1

AiZi(ζ, 0) + A6w6(s∗)

β = −ε1/2µ−2z′2(s∗)

5
∑

i=0

AiZi(ζ,−1)

M = −ε1/2µ−3z′3(s∗)

5
∑

i=0

AiZi(ζ,−2),

Q = −ε1/2µ−4z′4(s∗)

5
∑

i=0

AiZi(ζ,−3),

(20)

|
�ÅC ö ²�³�´�µ S�" � 6 "�(�� � 4 � � . / 	
�����qr�� � (17)


 � (18)
� � (20) C � β, M�

Q
ö������� � y�� �Ù½0�? ý��O��

1.6 ��/����������������� y � (17)
� � (18)

����	�&��
2
ù�	 C ��c ���ö��ö�!�` µ k (

¡
w � ~ ):

|












w
(−)
i

w
(−)
4

w5m

w6













ζ→−∞

←−−−−−−−−













wi

w4

w5

w6













ζ→+∞

−−−−−−−−−→













w
(+)
i

w
(+)
4 − w6

w5m + πw
(+)
2

w6













, (i = 1, 2, 3). (21)
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�ÅC w
(−)
1 ∼ w

(−)
4

�
w

(+)
1 ∼ w

(+)
4 ��c Ì ( � (17)� � (18) C � � C�E 	 � � � G E 	rö � � � �

.
/ ����& �Åy � �  � (6)
���
�
�

3
ù���	
�

�
	
G ����� ö � � �
��� 6
ù���	�¥
	 ����� ö� ��� �<Ú �6ú%û � � ,6õ�� \ {�|�¿ �  ���6ö

� ����� �)�	�� 4
���

5
ù�� " 	 y � � C E 		�

�
� [
���

4
ù � � � 	
G ! `���e�f � ���

(
�

4(b) C ������G�E�	�ö w4 . pAý w6 0 Ó���U�� � � ± ), 0 q�r � ����f ! `���� 2
ù � � �

( � � 4(c))
� � � �Ô	�����,�õ�ö�����	�G�� :��5 ���
,Aõ �Aÿ
,Aõ
�<��v � � � � � � � � � ���� l���� ���,�õ���ÿ�,�õ�� � � ����� ������)O���ö��É�¯ � " � � ���Dy ���� “ � O ”, ��� � �/W��É�¯ �� ��	�ú�û�ö���� C E�	���ú > XY �<\ U[]_^ � Y�`�a�� 0 	�����G�E�	���ú > X�Y

����\ U[]_^ � Y�`�a���ù�#�%������ e � ��� ± ö��É�� h ��Ü ¦�G� ����,�õ�ö<¯�ý)��� 0�x �5�
� ö�" ^ 4 ��� ������� � ¯6ý�)��
�<&�����É�¯� ö G ù��`�ö���2 � � ��� � Þ= -�� à�= -�����
,AõAöAúrû = - � � � ��)
� G ö 9 7�Ý�- ß �U�7�Ý�-�� . W��/{
��Ó��-� �ß�*�� Ö�× � �
���M���V�= - ( ��M�1���2�=�> ö ��V�= - G � �
1�2 @�� ����� ¡��ö )

�

2  "!"#"$"%'&'()#'$)*'+'#)$',-".
��ö�(�� � (8) � y_}�-�
�����ö��/���
�� C/��,�%  "�ö ½�6���"

Ω = O(1), (22)& ����� (8)
����ö�,�%021 �/W021_o�p���{|��

§�ö��,3�
 ����,3���ÿ�,3���{�|��o�p�4�5
1���2 ,�3
�<¡�6�� Ωtb = Ra/Rb

�
Ωta = 1 ��cÌ (�����	 �78�;9 � Ù98 ,�%��:��,3
����,�3���;�,�3�< � (© � Ω < Ωtb, Ωtb ≤ Ω ≤ 1

�

Ω > 1 x Ω = O(1)
� y � (5)

� � �<	���,�3������¹ ��/�= 8�>?7�;�9�8�@ 8�b�& �<��A , %�B�;y �C :�D ]� >�7�;9E 	�����,�3��:A�,�%B;�� ���[y �78�;9 º[] Ù�9E 	�;�,�3�� ����¹�/= 8>�7�Ù98@ 8�b�&��Ôy� � (8)
��©����

��F
ζ
^ G¦ F � � 0 ζ � ,�%���G�H�$ Ï�8�I ÉÓ ½ ( � � 2), .0 Â����4�5 Ω = O(1)

,�%�0J1
�X G¦ F � �	
�
��¹ � >K7�;�9 G
E x �
� ζ(b) < −2( L� � (9) CA!�� & Î�M ) 8 ,�%�0J1$� ²³´µ S"

ζ → −∞ 8 7�4�8�9 �NO �45 >�7 �ªWP�� >�7
8 ¥�	 = -Q�¥[y � (17)

@���� Â�� \��RS [12] dO 8�>�7 ��, = -� 8 � G ]45 G¦ � \ Ross[13]

d O 8 �
,�� _ ´�� �<����)�O >?7 �
, = - 8 2
3 ¯T " � � ��'�(�) ��*���� � X�� . W ± ,�%01

ζ(b) < −2 � 2 3 �
,�3
� 1���2 	�W
,�3DC �4
 = -
��U�V � Taylor
8 9
� y � (9)

��Â
,�3
( ��"
Ω<Ω

(−)
tb ≡

[

1−2µ
(

2R2
b cos2 α sin−4 α

)−0.2
]

Ra/Rb.

(23)	����¹�� >�7Ù�9 G�E x �
� ζ(a) > 2 8 ,%�0J1$�<T "
Ω > Ω

(+)
ta ≡ 1 + 2µ

(

2R2
a cos2 α sin−4 α

)−0.2
. (24)

W�P�4�5�W ��>?7 ¹ �
�
� 8 & �
� ²�³�´�µ S�"
ζ → +∞ 8 7�4 8 9 ��N�O ��4�5 >�7 � >�7 ¥
	�[y � (18) d O�� Â�� \ Ross[14]

� �RS [15] d O
8�>?7 ;
, = -�� � 5
�<����)�O >?7 ;
, = - 8
2�3 ¯T " � � 7XY��45 >�7 � . WZ ± ,�%01 � (24) ��2�3 ;�,�3��[�\ � (23)

� � (24), ] � ³ ��5 ��M ,�%
ζ(b) = 2,

Ω=Ω
(+)
tb ≡

[

1+2µ
(

2R2
b cos2 α sin−4 α

)−0.2
]

Ra/Rb

(25)�

ζ(a) = −2,

Ω = Ω
(−)
ta ≡ 1− 2µ

(

2R2
a cos2 α sin−4 α

)−0.2
.

(26)

	
,�3
Ω

(+)
tb ≤ Ω ≤ Ω

(−)
ta ,
�
��¹ � M�*�+�^ 	
G

8���7 &��
��	 s < s∗ C_8= -� �� 5�� 2�3 �,�3�� ��� �'() �*���� � X E �
	 s > s∗ C
8�= -�� ��� 5 � 2	3 ; ,�3 �<O�) � � 7 � 0 �� 	

s ≈ s∗ ` � &�����5 � 	 8 
�a � ��b�W �	�� ²�³�´�µ Sc O & 6 c�4 � �ed ? F �A@ 8�fgh�i ��A ,�j�B�; ��� ��k�l�monqp 8 ��rosqt 7
8�u�9�vowqx�9�y�z�{�|�}�~�� A���� u������ 3
Ω

(+)
tb ≤ Ω ≤ Ω

(−)
ta

l�������� � 3 � ������� 8�������
(5) ��� Z�k�l���� z�{�|�}�~�������� �� ���������������������� �¡�¢�£�¤�¥����

� j�¦o§ Ω
(−)
tb ≤ Ω ≤ Ω

(+)
tb ¨�© ����ª ��«¬ ������� ��«���� j z�¢�~�y��®�� l z�¢�~ 1,

Ω
(−)
ta ≤ Ω ≤ Ω

(+)
ta ¨�© ������� ��« ¬ ����¯ ��«

��� j z�¢�~�y�� l z�¢�~ 2 ��°�z�¢�~ 1,
���

��±�t�² u�³�´���y ²�µ ��z�«�|�} dJs_� (20)
¬



5 � ������������� t�² ������«�|�}�	 d 561

�
(17) 
���� °�z�¢�~ 2,

������±�t�² x�³�´���y²�µ ��z�«�|�} dJs_� (18)
¬ �

(20) 
���� ��� b���� � j ~�y�� i�� ¤�� c ��������� �������
��� ��� ¢��� �!�"�#�� �$�r�% 
�����������&² |�}�� d�'�(�)���*�+�,�-�.�/�0�132 ��f�g hi y �545657 $58595: 3

��� �«�|} d5'd �; 4y $ � j2s ª5<¯ z ©5= 5
� �«y:z5> l��ª �«5? z¢~ 1 ? ���� �«5? z¢~ 2

¬
����¯ ��«�� °�@�7�z ' ��������& ² (

����� ��«¦J§_l
2250∼10980 Hz), A � (23) B (26) C���D 4� ¢�E�� j z�> l 0.185, 0.225, 0.814

¬
1.185, C�F

z�¢�~���� j ~�G�H�x�����I 5
� ��«���J�K�L��j�¦J§�M�±�(

1 �N
1 OQPQRQSQTQU 5 VQWQXQYQZ

[Q\Q] WQ^ _Q`QY 1
[Q\QaQb WQ^ _Q`QY 2

[Q\Qc WQ^
2028 Hz∼ 2472 Hz∼ 8942 Hz∼

< 2028 Hz > 13012 Hz

2472 Hz 8942 Hz 13012 Hz

3 dfefgfhfgjijkml
n5o5<�

(10), p5q5r5s5t ¬ �� �5u�5v5w
r�s�t���K�x�¤�y l �

u, w, β, N, M, Q = O(ε1/2). (27)s_�
(17)
¬ �

(18) C�z�y ��� ���u���{ mJn
t���K�x�¤�y l �











































u, N = O(ε),

w = O(1),

β = O(ε−1),

M = O(ε−2),

Q = O(ε−3).

(28)

s_�
(20) C�z�y�|�p�q�r�s�t�u�� 5

� t ���� ����K�x�¤�y����










































u, N = O(ε1/2),

w = O(µ−1ε1/2),

β = O(µ−2ε1/2),

M = O(µ−3ε1/2),

Q = O(µ−4ε1/2).

(29)

�} K�x�¤�y ����� ������& ²�~�� |�}�� $�� #< � s ��I�K�x�¤�y�z���y � r�s�t ( � p )
� y u¬

w �5K5xy �5�5� |} 25�  5��� ��m2n t����p����
w � u u 1

� K�x��

4 �f�
 �� ± ������z���¡�t���� ¨ y������ t�²��� ��«���	�t�� ����� y�������� p�� }�C s3� �

�5� p5� } �5�5�5� y:�54 ��� ��«y� �C5!�	5 ¡ ��¢�}�� ��£�� ¢�¤�¥�¦�§ � ����� p�� }�y�¨
|�z�{�|�}����� ��«���	�t�©�ª�C�D <�ª ��« ¬ ¯ ��«��
	5ty 5} t5«5¬ = ����5 �   k �«������5rs�t�® ��± £�J���«�y mon t ������ª ��«�¯�J� °�± ��²�³�t�y ��������� ��«�´�µ���³�t���§ ��� �5u5¶�y �¯ �«�5´5µ5�5³5t5«5¬ = ���K�
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